On the uniqueness and nonuniqueness of nodal radial solutions of sublinear elliptic equations in a ball (Dynamics of Functional Equations and Mathematical Models) by 田中, 敏
Title
On the uniqueness and nonuniqueness of nodal radial solutions
of sublinear elliptic equations in a ball (Dynamics of
Functional Equations and Mathematical Models)
Author(s)田中, 敏




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
On the uniqueness and nonuniqueness of nodal radial solutions
of sublinear elliptic equations in a ball
(Satoshi Tanaka)
Faculty of Science,
Okayama University of Science
Dirichlet
(1) $\{\begin{array}{ll}\Delta u+K(|x|)f(u)=0 in B,u=0 on \partial B,\end{array}$
. $B=\{x\in R^{N}:|x|<1\},$ $N\geq 2,$ $K\in C^{2}[0,1]$ ,
$K(r)>0(0\leq r\leq 1)$ ,
(2) $f\in C^{1}(R)$ , $sf(s)>0$ for $s\neq 0$
. subiinear :
(3) $f(s)/s>f’(s)$ for $s\neq 0$ .
(3)






. $u(0)>0$ . $u(0)<0$
. $u(0)=0$ ,
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(6) $\{\begin{array}{l}u’’+\frac{N-1}{r}u’+K(r)f(u)=0, 0<r<1,u’(0)=u(1)=0, u(0)>0,u \text{ } (0,1) \text{ } k-1 \text{ }.\end{array}$
Brezis-Oswald [1] , (1)
1 . , $k=1$ (6) 1 .
, $k\geq 2$ (6)
.
(6) , Esteban [3], Y. Naito [6], Dambrosio [2]
. , $\lim_{sarrow 0}f(s)/s$ , ,
$\lim_{|s|arrow\infty}f(s)/s$ , (6) 1 .
$,$ (3) , 2 (6) .
$K(r)\equiv 1$ , Kajikiya [4] , (6) 1
. $K(r)\not\equiv 1$ , 2005 3
([10]).
1. .
(7) $3r^{2}(K’)^{2}-2r^{2}KK’’+2(N-1)rKK’+4(N-1)K^{2}\geq 0$ , $0\leq r\leq 1$ ,





1. (8) $-(10)$ , 1 .
(8) $K”(r)\leq 0$ , $K’(r)\geq 0$ , $0\leq r\leq 1$ ,
(9) $N=2$ , $( \frac{rK’(r)}{K(r)})’\leq 0$ , $0\leq r\leq 1$ ,
(10) $N>2$ , $\frac{rK’(r)}{K(r)}\geq-2$ , $( \frac{rK’(r)}{K(r)})’\leq 0$ , $0\leq r\leq 1$ .
$\ovalbox{\tt\small REJECT}$
$k\geq 1$ , (6) 1 .
, (7) $k=1$
(6) 1 ([1]). , $k\geq 2$
(6) (7)
. $k=2,$ $N=3$ .
2. $N=3,$ $k=2$ . .
(11) $f’(s)>0$ , $s\in R$ ,
(12)
$\lim_{|s|arrow\infty}f(s)/s=0$ .
$\ovalbox{\tt\small REJECT}$ $K\in C^{\infty}[0,1]_{f}K(r)>0(0\leq r\leq 1)$ , (6)
3 .
(3), (11), (12) .
$f(s)=$ arctan $s$ ,
$f(s)=\log(1+|s|)sgn(s)$ ,




( , [5], [7], [8], [11] ). 1
(14) $[r^{N-1}K^{-\frac{1}{2}}[w’u’-wu’’]-r^{N-1}(K^{-\frac{1}{2}})’wu’]’$
$=- \frac{r^{N-2}}{4K^{a}2}[3r^{2}(K^{l})^{2}-2r^{2}KK^{Jl}+2(N-1)rKK’+4(N-1)K^{2}]w\frac{u^{/}}{r}$ .
. $u,$ $w$ (4), (13)
. (14) $N=1$ , [9] , (14)
.
, 2 . , $N=3$
(15) $u”+ \frac{2}{r}u’+K(r)f(u)=0$ .
. 2 1-3 . 1-3
.
1. $0<R_{1}<R_{2}<R$ . $K\in C([0, R]-\{R_{1}, R_{2}\})_{f}K_{n}\in$
$C[0, R],$ $n=1,2,$ $\ldots$ :
$\lim_{narrow\infty}\int_{0}^{R}|K_{n}(r)-K(r)|dr=0$ ,
, $M>0$ ,
$0<K_{n}(r)\leq M$ , $0\leq r\leq R$ , $n=1,2,$ $\ldots$ .
$u$
(16) $u(0)=\alpha>0$ , $u’(0)=0$
(15) f $u_{n}$
$u_{n}’’+ \frac{2}{r}u_{n}’+K_{n}(r)f(u_{n})=0$ , $u_{n}(0)=\alpha$ , $u_{n}’(0)=0$
. , $u_{nz}u_{n}’$ $F$ $narrow\infty$ , $u,$ $u’$ $[0, R]$
.
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2. $u(r\}\alpha)$ (15), (16) . (11) .
$K\in C[0, \infty)$ , $M>0$ , $0<K(r)\leq M$
$(r\geq 0)$ .
$u(r, \alpha)>0$ , $0\leq r\leq\sqrt{\alpha/[Mf(\alpha)]}$.
3. $f’(0)>\pi^{2}$ (11), (12) . ,
$(i)-(iii)$ $r_{1},$ $r_{2},$ $r_{3}$
$U”+rE(r)f(r^{-1}U)=0$
$U_{1},$ $U_{2},$ $U_{3}\in C^{1}[0, \infty)$ :
(i) $0<r_{1}<r_{2}<r_{3},0<U_{1}’(0)<U_{2}^{l}(0)<U_{3}’(0)$
(ii) $U_{1},$ $U_{3}$ $(0,r_{3})$ 2 .
(iii) $U_{2}$ $(0, r_{3})$ 1 , $U_{2}(r_{3})<0$ .
(17) $E(r)=\{\begin{array}{l}1, r\in[0, r_{1}]\cup[r_{2}, \infty),0, r_{1}<r<r_{2}\end{array}$
.
[ 2 ] $c=2\pi^{2}/[f^{l}(0)],$ $g(s)=cf(s)$ . (11),
(12) , $g’(0)=2\pi^{2},$ $g’(s)>0(s\in R)$ $\lim_{|s|arrow\infty}g(s)/s=0$
. 3 , 3 $(i)-(iii)$ $r_{1},$ $r_{2},$ $r_{3}$
$U”+rE(r)g(r^{-1}U)=0$
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$U_{1},$ $U_{2}$ , . $E(r)$ (17)
. $n>0$ $J_{n}(r)$
$J_{n}(r)=\{\begin{array}{ll}1, 0\leq r\leq r_{1},(1-n)(r-r_{1})+1, r_{1}<r<r_{1}+\frac{1}{n},\frac{1}{n}, r_{1}+\frac{1}{n}\leq r\leq r_{2}-\frac{1}{n},(n-1)(r-r_{2})+1, r_{2}-\frac{1}{n}<r<r_{2},1, r\geq r_{2}\end{array}$
. $K_{n}\in C^{\infty}[0, r_{3}]$
1




$K_{n}(r)>J_{n}(r)- \frac{1}{2n}\geq\frac{1}{n}-\frac{1}{2n}=\frac{1}{2n}>0$ , $0\leq r\leq r_{3}$ ,
$\lim_{narrow\infty}\int_{0}^{r_{3}}|K_{n}(r)-E(r)|dr=0$
. $A\backslash$ $u_{i}(r)=r^{-1}U_{i}(r),$ $i=1,2,3$ . $u_{1},$ $u_{2}$ ,
$u_{3}$
$u”+ \frac{2}{r}u’+E(r)g(u)=0$
, $u_{1},$ $u_{3}$ $(0,r_{3})$ 2 , $u_{2}$ $(0, r_{3})$
1 , , $u_{2}(r_{3})<0$ .
$u_{i}(0)= \lim_{rarrow 0}\frac{U_{i}(r)}{r}=U_{i}’(0)$
44
, $0<u_{1}(0)<u_{2}(0)<u_{3}(0)$ . .





(18) $y”+ \frac{2}{r}y’+K_{n}(r)g(y)=0$ ,
$y(0)=u_{i}(0)$ , $y’(0)=0$
. 1 , $n>0$ : $y_{1}$ ,
$y_{3}$ $(0, r_{3})$ 2 ; $y_{2}$ $(0, r_{3})$
1 , $y_{2}(r_{3})<0$ . $y(O)=\alpha,$ $y’(O)=0$
(18) $y(r, \alpha)$ . $y(r, \alpha)$ Pr\"ufer
, , $\rho(r, \alpha),$ $\theta(r, \alpha)$
$y(r, \alpha)=\rho(r, \alpha)\sin\theta(r, \alpha)$ ,
$r^{2}y’(r, \alpha)=\rho(r, \alpha)\cos\theta(r, \alpha)$ ,
. ’ $=d/dr$ . $\theta(r_{3},u_{1}(0))>2\pi$ ,
$\theta(r_{3},u_{2}(0))<2\pi$ $\theta(r_{3}, u_{3}(0))>2\pi$ . 2
$\lim_{|s|arrow\infty}g(s)/s=0$ , $\alpha^{*}>u_{3}(0)$ , $\alpha\geq\alpha^{*}$
$\theta(r_{3}, \alpha)<\pi$ . , $\alpha_{1},$ $\alpha_{2},$ $\alpha_{3}$
$:0<u_{1}(0)<\alpha_{1}<u_{2}(0)<\alpha_{2}<u_{3}(0)<\alpha_{3}<\alpha^{*},$ $\theta(r_{3}, \alpha_{i})=2\pi$ ,
$i=1,2,3$. $y(r, \alpha_{i}),$ $i=1,2,3$ (18) $(0, r_{3})$
1 , $y(r_{3}, \alpha_{i})=0$ . $v_{i}(r)=y(r_{3}r, \alpha_{i})$ ,
$i=1,2,3$ . $v_{1},$ $v_{2},$ $v_{3}$
$v”+ \frac{2}{r}v’+cr_{3}^{2}K_{n}(r_{3}r)f(v)=0$ , $v’(0)=v(1)=0$ , $v(0)>0$ ,
$(0,1)$ 1 . .
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